Abstract. Using a standard linearization technique and previously obtained microlocal properties for pseudodifferential operators with smooth coefficients, the authors state results of microlocal regularity in generalized Besov spaces for solutions to non linear PDE.
Introduction
In previous papers, [4] , [5] , [6] , [7] , the authors studied the problem of L p and Besov continuity and local regularity for pseudodifferential operators with smooth and non smooth symbols, whose derivatives decay at infinity in non homogeneous way. Particularly in [6] , [7] emphasis is given on symbols with quasi-homogeneous decay; in [8] also microlocal properties were studied. Pseudodifferential operators whose smooth symbols have a quasi-homogeneous decay at infinity were first introduced in 1977 in Lascar [9] , where their microlocal properties in the L 2 −framework were studied. Symbol classes of quasi-homogeneous type and several related problems have been developed in the meantime, see e.g. Segàla [10] for the local solvability, Garello [2] for symbols with decay of type (1, 1), Yamazaki [13] where non smooth symbols in the L p −framework are introduced and studied under suitable restrictive conditions on the Fourier transform of the symbols themselves. The aim of the present paper is to apply the previous results to the study of microlocal properties of fully non linear equations, by means of the linearization techniques introduced by M. Beals and M.C. Reeds in [1] and well described in [11] , [3] . Namely, consider the non linear equation
where F (x, ζ) ∈ C ∞ (R n × C N ) for suitable positive integer N , and I is a bounded subset of multi-indices in Z n + . After the linearization obtained by differentiating with respect to the x j variable:
we reduce the study of (1.1) to the following linear equation
where the coefficients a α (x) and the forcing term f j (x) are clearly non smooth, but their regularity depends on u itself. Precisely here we are considering the regularity of solutions to (1.1) in the framework of quasi-homogeneous Besov spaces B s,M ∞,∞ , which are introduced in Section 2, by means of a suitable decomposition of R n in anisotropic dyadic crowns. In §3 pseudodifferential operators and symbol classes are defined and in §4 we introduce the microlocal properties of Besov type B s,M ∞,∞ for pseudodifferential operators with smooth symbols, obtained in [8] . Such results apply in §5 to the study of the microlocal regularity for solution to equations of type (1.3), with coefficients of Besov type and, in the last section, to quasi-linear and fully non linear equations.
Quasi-homogeneous Besov spaces
In the following M = (m 1 , . . . , m n ) is a weight vector with positive integer components, such that min 1≤j≤n m j = 1 and
is called quasi-homogeneous weight function on R n .
We set m * := max 1≤j≤n m j ,
. Clearly the usual euclidean norm |ξ| corresponds to the quasihomogeneous weight in the case M = (1, . . . , 1). By easy computations, see e.g. [6] we obtain the following Proposition 2.1. For any weight vector M there exists a suitable positive constant C such that
iii) (quasi-homogeneity) for any t > 0, |t
, for any α, γ ∈ Z n + and ξ = 0.
For t > 0, h ≥ −1 integer, we introduce the notations:
. . , t h mn ξ n . In the followingû(ξ) = Fu(ξ) = e −ix·ξ u(x) dx stands for both the Fourier transform of u ∈ S(R n ) and its extension to S (R n ).
where F −1 denotes the inverse Fourier transform. Moreover
Then for any α, γ ∈ Z n + a positive constant C α,γ,K exists such that:
Moreover for any fixed ξ ∈ R n the sum in (2.8) reduces to a finite number of terms, independent of the choice of ξ itself. Setting now for every u ∈ S (R n )
we obtain:
and, for every integer k ≥ 0 there exists C k > 0 such that
Proof. It is trivial to prove (2.7). For every fixed ξ ∈ R n we have φ 2 −h/M ξ M = 1 for any suitably large integer h; then (2.8), (2.11) follow. For every integer h ≥ 0 we obtain
where C α,γ,K = max η |η γ ∂ α+γ ϕ 0 (η)| is independent of h; thus (2.9) is proved.
In order to prove at the end (2.12), let us consider χ(ξ) ∈ C ∞ 0 (R n ) identically equal to one in a suitable neighborhood of supp ϕ 0 . We can then write
Thus we have:
We have then verified.
which in view of the Young inequality and Proposition 2.2 shows (2.12).
We call the sequences ϕ := {ϕ h } ∞ h=−1 , defined in (2.6), and {u h } ∞ h=−1 , defined in (2.10), respectively quasi-homogeneous partition of unity and quasi-homogeneous dyadic decomposition of u. Following the arguments in [12, §10.1] we can introduce now the classes of quasihomogeneous Besov functions and state their properties in suitable way.
Definition 2.4. For any s ∈ R and u ∈ S (R n ) we say that u belongs to the quasi-homogeneous Besov space B
is satisfied for some quasi-homogeneous partition of unity ϕ.
Different choices of the partition of unity ϕ in (2.17) give raise to equivalent norms, noted by · B 
The following properties are satisfied:
where the constant C is independent of the sequence {u h } ∞ h=−1 . When r > 0, (2.18) is true for all the sequences of Schwartz distributions {u h } ∞ h=−1
Proposition 2.6 (Quasi-homogeneous Meyer multipliers). Consider a family of smooth functions {m
Proof. Consider the quasi-homogeneous partition of unity in Proposition 2.3, with K = 1, and for any h = −1, 0, . . . and T > 2 write:
Thus for any u ∈ S (R n ), by setting
we have:
Notice now that for any h, k ≥ −1:
h+k , for suitable constants T, K.
(2.22)
Using now (2.12) and (2.19), for any integer l > 0 there exist positive constants
Thus for any s > 0:
Thus for any s > 0, l ≥ 1 and k ≥ −1, in view of Proposition 2.5, we get
Then, by choosing l > s, in view of (2.21) and (2.25) we conclude that Lu B
Proof. Using the notations in Proposition 2.3 let us define for any integer p ≥ 0,
Since F (0) = 0 setting moreover Ψ −1 (ξ) = 0 we can consider the telescopic expansion:
By means of standard computations we have for any p ≥ 0
Thus by setting
It follows from the Proposition 2.2 that for any multi-index γ j :
Then for a suitable positive constant C depending on α, G and u L ∞ :
which ends the proof. 
Quasi-homogeneous symbols
In this section, we recall the definition of some symbol classes which are well behaved on the quasi-homogeneous structure of the spaces B s,M ∞,∞ . Here we just collect some basic definitions and a few related results, referring the reader to [6, 8] for a more detailed analysis. Let M = (m 1 , . . . , m n ) be a vector with positive integer components obeying the assumptions of the previous §2. 
We also set S For each symbol a ∈ S m M,δ , the pseudodifferential operator a(x, D) = Op(a) is defined on S(R n ) by the usual quantization
It is well-known that (3.2) defines a linear bounded operator from S(R n ) to itself. In the following, we will denote by Op S The analysis of linear partial differential equations with rough coefficients needs the introduction of non smooth symbols studied in [8] . We recall the definitions and the main properties. 
As in the case of smooth symbols, we set for brevity B 
Microlocal properties
In this section we review some known microlocal tools and properties concerning the pseudodifferential operators introduced above. For the proofs of the results collected below, the reader is addressed to [8] . In the sequel, we will set T • R n := R n × (R n \ {0}), and M = (m 1 , . . . , m n ) will be a vector under the assumptions of §2. 
and for every m > 0 and all α, β ∈ Z n + a positive constant C m,α,β > 0 exists in such a way that: being I the identity operator and the symbols r(x, ξ), l(x, ξ) microlocally regularizing at (x 0 , ξ 0 ).
M is a symbol identically one on Γ M ∩ {|ξ| M > ε 0 }, for 0 < ε 0 < |ξ 0 | M , and finally Γ M ⊂ R n \ {0} is an M −conic neighborhood of ξ 0 . Under the same assumptions, we also write
∞,∞ −wave front set of u. We say that a distribution satisfying the previous definition is microlocally in B 
For every u ∈ S (R n ) and s ∈ R we have:
As a consequence of Theorems 4.8, 4.9, the following holds.
hold true for every s ∈ R.
Non regular symbols
In this section, the microlocal regularity results discussed in §4 are applied to obtain microlocal regularity results for a linear partial differential equation of quasi-homogeneous order m ∈ N of the form 
The forcing term f is assumed to be in some B s,M ∞,∞ , with a suitable order of smoothness s, microlocally at (x 0 , ξ 0 ) (cf. Definition 4.5).
Set for brevity φ 2 −hδ/M · = φ h (·). By means of (5.5), the Cauchy-Schwarz inequality and [7, Lemma 3.8] , when |ξ| M > ρ 0 we can estimate
where C denotes different positive constants depending only on δ, N 0 and r. Since where R(x, D) is microlocally regularizing at (x 0 , ξ 0 ). Applying now B(x, D) to both sides of (5.1), on the left, we obtain:
Assume that f ∈ mclB 
Some applications to non linear equations
In this section, we apply the previous results to the study of microlocal properties for a class of quasi-linear and fully non linear partial differential equation of weighted elliptic type. For M = (m 1 , . . . , m n ), satisfying the assumptions in §2, and a given positive integer m, let us first consider the quasi-linear equation of quasi-homogeneous type
where
is a given forcing term. We assume that the equation (6.1) is microlocally M −elliptic at a given point (
α of the differential operator in the left-hand side of the equation satisfies Proof. For each j = 1, . . . , n, we differentiate (6.3) with respect to x j finding that ∂ xj u must solve the linearized equation 
